Using the Paul Trap as a model, we point out that the same wave functions can be variously coherent or squeezed states, depending upon the system they are applied to.
Coherent/squeezed states and their uncertainty relations
Elsewhere [1, 2] , we have investigated Schrödinger Equations that are quadratic in x and p operators with time-dependent coefficients. The Hamiltonians are parts of general Lie space-time symmetry algebras that are products of a Heisenberg-Weyl algebra with an su(1, 1) algebra: i.e., the algebras associated with the harmonic-oscillator coherent states and their squeezing. Concentrating first on coherent states, the (time-dependent) lowering and raising (ladder) operators are given by
where the g(t)'s are determined by the particular Hamiltonian. x and p = −i∂ x are the ordinary position and momentum operators
where we use dimensionless units (or equivalently set m =h = 1). The (DOCS) displacement-operator coherent states, |α; t , are defined as
D(α) being the displacement operator and α being complex. Similarly, the equivalent ladder-operator coherent states (LOCS) are defined as
An important conceptual point: For these time-dependent systems, the number states, |n; t , are in general NOT eigenstates of the Hamiltonian. That is;
In particular, the extremal state |0; t is technically NOT the ground state. Now consider generalized position and momentum operators
and their associated commutation relation
where O is a Hermitian operator. [In this paper, one has a Heisenberg-Weyl algebra. Therefore, O = I which follows [1] from g p (t)g * x (t)−g x g * p = −i or the equivalent statement in Eq. (19) below. But for now we maintain the general notation.] Then, the equivalent minimum-uncertainty coherent states (MUCS) satisfy the Heisenberg uncertainty relation
The states which satisfy this equality are some of the minimum-uncertainty states (MUS). The MUS are solutions to the eigenvalue equation
where
The solutions, Ψ M U S (t) comprise not only the coherent states but also some of the squeezed states (SS) for the system. (Remember, the CS are special-case, zero-squeezed SS.) To restrict the Ψ M U S (t) to the Ψ CS (t), one needs to add the further restriction on B that ∆X/∆P = κ, where κ is a real constant such that the extremal state is part of the CS class. For the harmonic oscillator, one has that κ is unity. so that the coherent state Gaussians have the width of the ground-state Gaussian. Setting C = 0 gives the ground state.
[Roughly, C corresponds to α and B corresponds to the (for now real) squeezing parameter.]
Letting B be not only arbitrarily real but also a general complex number means one has general complex squeezing. These "squeezed" states satisfy the more general Schrödinger uncertainty relation [3] (∆X) 2 
{, } being the anticommutator andX = X . By comparing Eqs. (8) and Eq. (11), one can then appreciate that the equation whose wave-function solution minimizes this uncertainty relation is of the form of Eq. (9), except that B can now be arbitrary and complex; i.e., there is no restriction on B related to ∆X/∆P . We will now apply this formalism to a well-known and important system, the Paul trap. The aim is to obtain a deeper insight into the "coherent" and "squeezed" states of this system.
The Paul trap
The Paul trap is a dynamically stable environment for charged particles [4] - [6] . It has been of great use in areas from quantum optics to particle physics.
It's main structure consists of two parts. The first is an annular ring-hyperboloid of revolution, whose symmetry is about the x − y plane at z = 0. The distance from the origin to the ring-focus of the hyperboloid is r 0 The inner surface of this ring electrode is a time-dependent electrical equipotential surface. The second part of the structure consists of two end-caps. These are hyperboloids of revolution about the z axis. The distance from the origin to the two foci is usually d 0 = r 0 / √ 2. The two end-cap surfaces are time-dependent equipotential surfaces with sign opposite sign to that of the ring. The electric field within this trap is a quadrupole field. With oscillatory potentials applied, a charged particle can be dynamically stable.
Paul gives a delightful mechanical analogy [6] . Think of a mechanical ball put at the center of a saddle surface. With no motion of the surface, it will fall off of the saddle. However if the saddle surface is rotated at a proper frequency about the axis normal to the surface at the inflection point, the particle will be stably confined . The particle is oscillatory about the origin in both the x and y directions. But it's oscillation in the z direction is restricted to be bounded from below by some z 0 > 0.
The potential energy can be parametrized as
These potentials can be used to solve the classical motion, which are oscillatory Mathieu functions for the bound case [4] . The oscillatory motion goes both positive and negative in the x − y plane, but is constrained to be positive in the z direction. Exact solutions for the quantum case were first investigated in detail by Combescure [7] . In general, work has concentrated on the z coordinate, but not entirely [8] . Elsewhere [9] , we will look at the symmetries, separations of variables, and the number and coherent state solutions of the three-dimensional Paul trap, in both Cartesian and cylindrical coordinates.
Coherent or squeezed states of the Paul trap
With this background we want to discuss the coherent/squeezed states of the Paul trap. We focus on the interesting z coordinate and, in particular, use as reference the lovely discussion in Schrade et al. (SMSG) [10] . With our previous notation, the Hamiltonian is
The lowering and raising operators are
where "dot" denotes ordinary differentiation by t and ǫ(t) is a complex solution to the equationǫ (t) + Ω 2 ǫ(t) = 0.
Its complex conjugate, ǫ * (t), is the other independent solution, which is shown by the fact that the Wronskian is a constant. Furthermore, it can be normalized to
That is, a combination of ǫ(t) and ǫ * (t), up to normalization, follows the classical-motion Mathieu function for x cl (t):
From the above, X and P are
This means [X(t), 
Note that
where φ = ǫ(t)ǫ * (t) is a positive, real function of t [2, 11] . With these wave functions, SMSG found that the x − p Schrödinger uncertainty relation was satisfied, not the Heisenberg uncertainty relation. We observe that not only is this correct but is to be expected. These wave functions were generated by the X − P variables, and hence should satisfy the Heisenberg uncertainty relation for X and P . Contrariwise, note that Eq. (16) can be written as
But with Eq. (19) one has that 1 = |µ| 2 − |ν| 2 .
That is, A(t) and A † (t) are related to a and a † by a time-dependent Holstein-Primakoff/ Bogoliubov transformation [12] . The coherent states of (X, P ) or (A, A † ) are squeezed states of (x, p) or (a, a † ), and vice versa. This makes sense. The fundamental potentials are of different widths, so their coherent-state Gaussians are also of different widths. Indeed, Eqs. (25) and (26) show this. For the (x, p) uncertainty relation, [−iǫ(t)/ǫ(t)] is a complex squeeze factor.
